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Abstract
The harmonicity condition of the curvature 2-form of a pseudo-
Riemannian manifold is formulated on the basis of annulment of this
form by the de Rham-Lichnerowicz Laplacian. The following theorem
is proved: The curvature 2-form of any Einstein manifold is harmonic.
It is well known [1] that on the metric space-time manifoldM the Maxwell
equations can be expressed as
dF = 0 , δF = 0 , (1)
where F is electromagnatic field strength 2-form and d, δ are the operations of
exterior differentiation and codifferentiation, respectively. One has δ = ∗d∗ for
even n =dimM with additional factor (-1) that occurs for space with negative
signature. On the manifoldM the Hodge-de Rham Laplacian ∆(HR) = dδ+δd
can be constructed. The Maxwell equations (1) yield ∆(HR)F = 0, so the
Maxwell 2-form F is harmonic [1]. The question is: whether the same result
is valid for General Relativity, and if ”yes” then in what sense.
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On any Riemannian (pseudo-Riemannian) manifold one has the tensor-
valued curvature 2-form
Ω =
1
2
(Rλσµνeλ ⊗ e
σ)⊗ θµ ∧ θν (2)
and the operation of covariant exterior differentiation D [2]. One can introduce
the generalized operation of the covariant exterior codifferentiation as D∗ =
∗D∗ and the de Rham-Lichnerowicz Laplacian
∆(RL) = DD∗ +D∗D . (3)
The operators D, D∗ and ∆(RL) act not only on usual R-valued forms but also
on V-valued forms (with values in a linear vector space V).
We shall denote Ricci tensor components in local coordinate frames as
Rµν = R
λ
µλν . Then its trace R = R
ν
ν is the curvature scalar. A Riemannian
(pseudo-Riemannian) manifold with Ricci tensor satisfying the condition
Rµν = Λgµν , Λ = const (4)
is called an Einstein manifold [3].
Definition: The curvature 2-form of Riemannian (pseudo-Riemannian)
manifold is called harmonic, if one has
∆(RL)Ω = 0 . (5)
We shall prove the following theorem.
Theorem: The curvature 2-form of any Einstein manifold is harmonic.
The proof of the theorem will be realized in a local coordinate frame θµ =
dxµ. By generalizing the method developed in [4] to any (1,1)-tensor-valued
2-form Ω one has
DΩ =
1
3!
(3Ωλσµν;ρeλ ⊗ e
σ)⊗ θρ ∧ θµ ∧ θν , (6)
2
D
∗Ω = (Ωλσρν
;ρeλ ⊗ e
σ)⊗ θν , (7)
∆(RL)Ω =
1
2
(Ωλσµν;ρ
;ρ + 2Ωλσµ
ρ
;[ρ;ν] − 2Ω
λ
σν
ρ
;[ρ;µ])eλ ⊗ e
σ
⊗ θµ ∧ θν . (8)
Here Ωλσµν;ρ denotes the covariant derivative components with respect to all
idices λ, σ, µ, ν. Applying now equation (8) to the curvature 2-form (2) and
using the Ricci identity, one gets
∆(RL)Ω =
1
2
(∆(RL)Ω)λσµνeλ ⊗ e
σ
⊗ θµ ∧ θν , (9)
(∆(RL)Ω)λσµν = (R
λ
σµν;ρ
;ρ +Rλσν
αRαµ − R
λ
σµ
αRαν
−2Rλσρ
αRανµ
ρ + 2Rλαµ
ρRασρν − 2R
λ
αν
ρRασρµ) . (10)
On the other hand, by covariant differentiating the Bianchi identity with
the following contraction one gets
Rλσµν;ρ
;ρ = Rλσµ
ρ
;ν;ρ − R
λ
σν
ρ
;µ;ρ . (11)
With the help of the Ricci identity (11) yields
Rλσµν;ρ
;ρ = Rλσµ
ρ
;ρ;ν −R
λ
σν
ρ
;ρ;µ +R
λ
σµ
αRαν − R
λ
σν
αRαµ
−2Rλσρ
αRαµν
ρ + 2Rλαµ
ρRασνρ − 2R
λ
αν
ρRασµρ . (12)
Now taking into account the following consequence of the Bianchi identity
Rµνσ
ρ
;ρ = 2Rσ[µ;ν] , (13)
let us substitute (12) into the expression (10). Then we obtain the resultant
expression for the action of the de Rham-Lichnerowicz Laplacian to the pseudo-
Riemannian curvature 2-form:
∆(RL)Ω = 2Rµ[λ;σ]νe
λ
⊗ eσ ⊗ θµ ∧ θν . (14)
The expression (14) vanishes when the condition (4) is fulfilled. Therefore the
curvature 2-form is harmonic when the given pseudo-Riemannian manifold is
the Einsteinian one, as was to be proved.
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It is easy to see that the converse statement is incorrect. There exist
curvature 2-forms that are harmonic, but not Einsteinian.
The theorem proved above shows that the field strength harmonicity re-
quirement is the reasonable condition also in the gravitatonal theory. This
fact can be applied to the problem of Lagrangian choice in modern theories
of gravitation, imposing the requirement of harmonicity on the corresponding
curvature 2-forms.
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